Abstract. In this paper, we investigate the singularity formulation of Cauchy problem to the viscous compressible rotating shallow water equations. We obtain the global existence of classical solutions with initial vacuum. In particular, the spatial measure of the set of vacuum can be arbitrarily large.
Introduction
In this paper, we investigate the nonlinear shallow water equations with following form,    h t + div(hu) = 0, (hu) t + div(hu ⊗ u) + gh∇h + f (hu) ⊥ = µ∆u + (µ + λ)∇(divu), (1.1) a11
Without losing the essential ingredients of ( a11 a11
1.1), we focus on the following system for simplicity.
   h t + div(hu) = 0, (hu) t + div(hu ⊗ u) + 2h∇h + hu ⊥ = µ∆u + (µ + λ)∇(divu).
(1.2) a1
Let Ω = R 2 andh be a fixed nonnegative constant. We look for the solutions, (h(x, t), u(x, t)),
to the Cauchy problem for ( a11 a11
1.1) with the far field behavior:
u(x, t) → 0, h(x, t) →h ≥ 0, as |x| → ∞, (1.3) h1
and initial data,
For the shallow water system ( a11 a11
1.1), there are amounts of literature. Assuming the initial data is a small perturbation of a positive constant, Sundbye Sundbye1,Sundbye2 [18, 19] proved global existence and uniqueness of classical solutions to the Cauchy-Dirichlet problem, also the Cauchy problem, using Sobolev space estimates and energy method of Matsumura and Nishida [8] , for the shallow water equations involving the capillary term h∇∆h, with the initial data close to a positive constant equilibrium state. For arbitrary large initial data, BreschDesjardins BD1,BD2 [1, 2] and Bresch-Desjardings-Lin BDL [3] proved the global existence of weak solutions for 2D shallow water equations in bounded domain with periodic boundary conditions, where the friction term and the capillary term are involved. Later, Li-Li-Xin showed the global existence of weak entropy solution for the initial boundary value problem to 1D compressible flows. The same result was obtain by Guo-Jiu-Xin GJX [7] for the case of multi-dimensional spherically symmetric weak solution.
For global classical solutions, it should be noted that previous work only consider the case of small data. In general, the problem of existence for large initial data is difficult because of its strong non-linear nature. In addition, when investigating solutions with high regularity, no initial vacuum is very crucial. In this paper, by taking the advantages of high regularity estimates of ρ and u, we improve all previous results for rotating shallow water equations by removing the restriction on small perturbation of a positive constant states, and allowing initial vacuum states.
Before starting the main results, we explain the notations and conventions used throughout this paper. We denote
For 1 ≤ r ≤ ∞, we denote the standard homogeneous and inhomogeneous Sobolev spaces as follows:
The initial energy is defined as:
where G(h) is given by
It is easy to see that
for positive constants c 1 (h,h) and c 2 (h,h). Moreover, the material derivative is defined aṡ
We begin with local existence of classical solutions, in the absence of vacuum, the local existence and uniqueness are known in 
and the compatibility condition
for some g ∈ D 1 with h
. In addition, we assume thath = 0, and
for α where
Then there exist a small time T 0 > 0 and a unique solution (h, u) to the Cauchy problem (
The aim of this paper is to obtain the global existence of classical solutions with vacuum states, our main result can be stated as follows: 
1.8) and
for some 0 < β < 1. Then there exists a positive constant ε depending on µ, λ, h h and K such that if
the Cauchy problem ( a1 a1
1.2) (
h1 h1
1.3) (
h2 h2
1.4) has a unique global classical solution
Remarks.
The structure of the paper is this, in the next section, we obtain two important lemmas, Lemma lem1 lem1 2.5 and Lemma lem2 lem2 2.6, by which we prove our main theorem 1.2 in section 3.
A Priori Estimates
In this section,h > 0, and we will establish key a priori bounds for smooth solutions to the Cauchy problem ( We now state some elementary estimates which follow from Gagliardo-Nirenberg inequality and the standard L p -estimate for the following elliptic system derived from the momentum equations in ( a1 a1
1.2):
T , where
are the material derivative of f, the effective viscous flux and the vorticity respectively. 
Proof. 
for all 0 ≤ t 1 < t 2 ≤ T with some N 0 ≥ 0 and N 1 ≥ 0, then
where ζ is a constant such that
To estimate this solution, we set σ(t) min{1, t} and define
We start with the following standard energy estimate for (h, u) and the preliminary bounds for A 1 (T ) and A 2 (T ). 
1.4) with
and
where G(h) is given by ( g g
1.6).
Proof. Multiplying the ( a1 a1
1.2) 2 by u and integrating, one shows directly the energy inequality ( a16 a16
2.9).
The proof of ( h14 h14 2.10) and ( h15 h15
2.11) follows the idea in Hoff

Hoff3
[10]. For integer m ≥ 0, multiplying ( a1 a1
1.2) 2 by σ mu then integrating the resulting equality over R 2 leads to
Using ( a1 a1
1.2) 1 and integrating by parts give
Integration by parts implies
and similarly,
Moreover,
2.16) leads to
where
Integrating ( n1 n1
2.17) over (0, T ), choosing m = 1, and using ( n2 n2
2.18) ( a16 a16
2.9), one gets ( h14 h14
2.10).
Next, for integer m ≥ 0, operating
, summing with respect to j, and integrating the resulting equation over R 2 , one obtains after integration by parts
It follows from integration by parts and using the equation ( a1 a1
1.2) 1 that
Integration by parts leads to
Similarly,
2.19) shows that for δ suitably small, it holds that
Taking m = 2 in ( mm4 mm4
2.23) and noticing that
we immediately obtain ( h15 h15
2.11) after integrating ( mm4 mm4 2.23) over (0, T ).
We have the following key a priori estimates on (h, u).
First, the following lemma is motivated by the idea of Hoff
[10] and H-L-Xin
lem1 Lemma 2.5. For given numbers K > 0 andh ≥h + 1, assume that (h 0 , u 0 ) satisfy ( h7 h7
1.10) and ( co2 co2
1.8). Then there exist a positive constant ε depending on µ, λ,h,h and K such that if (h, u)
is a smooth solution of (
the following estimates hold
Proof. Step1 In this step, we derive the basic estimates on velocity field and its material derivatives, i.e. A 1 (T ) + A 2 (T ). Lemma le2 le2
shows that
Due to (
It follows from ( h20 h20
To estimate the second term on the right hand side of ( h29 h29
2.27), one deduces from ( a1 a1
Multiplying ( a95 a95
2.29) by 3(h 2 −h 2 ) 2 and integrating the resulting equality over R 2 , one gets after using (
hj1 hj1
2.2) that
2.30) by σ 2 , integrating the resulting inequality over (0, T ), and choosing δ suitably small, one may arrive at 2.31) shows that
Finally, we estimate the last term on the right hand side of ( h28 h28
2.26). First, ( j29 j29
2.32) implies that
Next, one deduces from ( h18 h18
2.5) and ( h20 h20
2.4) that
According to ( 2.34),we have
Due to the decay properties of solutions (see
C independent of T . Therefore,
Step2 In this step, we deal with the short time energy estimates. In fact, we claim that for K and β as in ( h7 h7
The proof is similar as in
H02
[11]. Fixing the local-in-time solution (h, u), we decompose u = w 1 +w 2 , where w 1 and w 2 are defined by
respectively, with L the differential operator acting on functions w :
Straightforward energy estimate shows that:
Multiplying ( sas2 sas2
2.36) by σ mẇ 1 , integrating the resulting equality over R 2 , we get
which together with ( a16 a16 2.9), ( sas4 sas4
2.38) and Gronwall's inequality gives
Then use the K-method interpolation (see Chapter 22
Tart
[20]), we have for any t ∈ (0, σ(T )], 
Next, multiplying ( sas3 sas3
2.37) byẇ 2 and integrating the resulting equality over R 2 lead to 2.35).
Step3 In this step, we estimate the effective viscous flux F defined by (
2.2). For r = 6/β, we get On the other hand, for all σ(T ) ≤ t 1 ≤ t 2 ≤ T,
Step4 In this step, we do the super-norm estimates on the density. Rewrite the continuity equation ( a1 a1
1.2) 1 as
Next, for all 0 ≤ t 1 < t 2 ≤ σ(T ) and r = 6/β, by (
Fs Fs
2.41), we have
Therefore, one can choose N 0 and N 1 in ( a100 a100 2.6) as follows:
2.7). Then
2.2 thus yields that
On the other hand, for all σ(T ) ≤ t 1 ≤ t 2 ≤ T,
One can choose N 1 and N 0 in ( a100 a100
2.6) as:
Sinceh > 0, we have
, for all ζ ≥h + 1.
Therefore,
So one can setζ =h + 1 in ( 2.42) thus yield that
The combination of ( 
1.4) on R 2 × (0, T ]. Then the velocity lies in the following class:
for all p ≥ 2.
Proof. We assume the constant C may depends on T, g L 2 , h 
2.3), that
Taking into account on the compatibility condition ( co2 co2
1.8), we can define √ hu(x, t = 0) = h 0 g. Then Gronwall's inequality gives
Next we claim the estimates on the spatial gradient of the solution (h, u) as following: 
Step 2 In this step we will deal with some high order estimates of the solutions. Note that
According to the definition of F and ω, we get by the standard L 2 -estimate for elliptic system, ( lee2 lee2
2.45) and ( qq1 qq1
2.46) that
which, together with ( ua2 ua2 2.49) and Gronwall's inequality, gives directly
Thus sup
Moreover, one deduces from ( p0 p0
2.48) and (
Differentiating ( p0 p0
2.48) yields
Hence, by ( qq1 qq1
2.46) and ( va1 va1
2.50), one gets
The combination of ( sp1 sp1 2.51) with ( sp2 sp2 2.52) implies
Thus,
One can handle h t and h tt similarly. Thus
Step 3 In this step, we will derive the higher order estimates of the solutions which are needed to guarantee the lemma.
First, we claim the following estimates:
(2.54) nq1
Next, it follows from ( nq1 nq1
2.54) and (
which together with ( lee2 lee2
2.45) gives
The standard H 1 -estimate for elliptic system gives
2.55) and ( va1 va1
2.50). As a consequence of ( qq1 qq1
2.46) and ( sp20 sp20
2), one has
Therefore, the standard L 2 -estimate for elliptic system, ( qq1 qq1
2.46), and ( nq1 nq1
2.54) yield that
which, together with ( nq1 nq1
2.54), implies
Applying the standard H 2 -estimate for elliptic system again and ( va1 va1
2.50)( qq1 qq1
2.46) lead to
where one has used ( sp19 sp19
2.55) and the following estimates:
2.50) and ( sp21 sp21
2.56). By using ( sp21 sp21
2.56), ( sp38 sp38
2.59), and (
va1 va1
2.50), one may get that
2 L 2 , which, together with Gronwall's inequality and ( sp24 sp24 2.58), yields that
Collecting all these estimates ( 2.50) shows
It is easy to check similar arguments work for h −h by using ( sp27 sp27
2.61). Hence, 
Furthermore, according to ( 2.54), we have for any 0 < τ < T ,
Thus, 2.62).
Finally, for any 0 < τ < T with T finite, due to the standard embedding
it follows from ( sp27 sp27
2.61), ( 2.65) that
for all p ≥ 2. We are done.
Step 4 It remains to prove the two claims ( [4] for the case divu ≡ 0). For p ≥ 2, |∇h| p satisfies
which follows from the standard L p -estimate for the following elliptic system:
The Beal-Kato-Majda type inequality and ( ua1 ua1
2.67) give that for q > 2,
2.68) with (
L11 L11
2.66) and setting p = q in ( L11 L11
2.66), one gets 2.25) imply
which, together with ( hb1 hb1
2.69) and Gronwall's inequality, shows that
As a consequence of ( 
Noticing that ( mmmq1 mmmq1
2.8) and ( ja1 ja1
2.47) yield that for any p ≥ 2 2.74) that
Cauchy's inequality gives 2.53) that
Next, differentiate ( a1 a1
1.2) 2 with respect to t twist to get
2.81) by u tt and then integrating the resulting equation over R 2 , one gets after integration by parts that
We estimate each J i (i = 1, · · · , 6) as follows:
Hölder's inequality gives 2.46) that
Moreover, we observe that 
(2.88) sp311
Due to the regularity of the local solution, ( basis basis 1.9), t∇u t ∈ C([0, T 0 ]; L 2 ) and t
, we obtain 2.54) 1 immediately.
Furthermore, for any τ ∈ (0, T 0 ), there exists some t 0 ∈ (τ /2, τ ) such that
Similarly as in ( We argue by contradiction. We may assume T * < ∞. 2.65), we have
which together with ( lem2e lem2e
2.44) implies that
In fact (h(x, t 1 ), u(x, t 1 )) satisfies ( co1 co1
1.7) and ( co2 co2
1.8) with g(x) =u(x, t 1 ). Therefore, by theorem th0 th0
1.1 and Lemma lem1 lem1 2.5, there exist a t 0 > 0 such that we are able to extend t 1 to t 1 + t 0 with ( z1 z1
2.24) still holding for T = t 1 + t 0 , t 0 only depends on µ, λ,h,h and K.
By finite times, there exist T 1 > T * such that (h, u) is a classical solution on (0, T 1 ], which is a contradiction to ( Tstar Tstar 3.1). Then, we are done.
Remark 3.1. We only prove the global existence in caseh > 0. When the initial height has compact support, there is a blow up example in DLZ [6] .
